In this paper, we study self-dual codes over GF(p) where p = 11, 13, 17, 19, 23 and 29. A classification of such codes for small lengths is given. The largest minimum weights of these codes are investigated. Many maximum distance separable self-dual codes are constructed.
Introduction
A linear [n, k] code C over GF(p) is a k-dimensional vector subspace of GF (p) n , where GF(p) is the Galois field with p elements. In this paper, we consider the case where p is a prime. The elements of C are called codewords and the (Hamming) weight wt(x) of a codeword x is the number of non-zero coordinates in x. The minimum weight of C is defined as min{wt(x) | 0 = x ∈ C}. An [n, k, d] code is an [n, k] code with minimum weight d. A matrix whose rows generate the code C is called a generator matrix of C. The dual code C ⊥ of C is defined as C ⊥ = {x ∈ GF(p) n | x · y = 0 for all y ∈ C}. C is self-dual if C = C ⊥ . For p ≡ 1 (mod 4), a self-dual [n, n/2] code over GF(p) exists if and only if n is even, and for p ≡ 3 (mod 4), a self-dual [n, n/2] code over GF(p) exists if and only if n ≡ 0 (mod 4). We say that self-dual codes with the largest minimum weight among self-dual codes of that length are optimal. Two codes C and C over GF(p) are equivalent if there exists an n by n (1, −1, 0)-monomial matrix P with C = C · P = {xP | x ∈ C}. The automorphism group of C consists of all n by n (1, −1, 0)-monomial matrices P with C = C · P .
It is a fundamental problem to classify self-dual codes and determine the largest possible minimum weight. As described in [8] , self-dual codes are an important class of linear codes for both theoretical and practical reasons. By the Gleason-Pierce theorem, there are divisible self-dual codes over GF(p) for p = 2, 3 and 4. Hence much work has been done concerning self-dual codes over these fields. For example, self-dual codes of small lengths over GF (2) , GF(3) and GF (4) have been classified (cf. [8, ), in order to determine which codes exist and which weight enumerators are possible. In addition, much is known about the largest minimum weights for self-dual codes over these fields (cf. [8, Tables X,  XII, XIII and XIV] ). Conversely, self-dual codes over larger fields have not been widely studied [8] . For GF (5) and GF (7), only self-dual codes up to length 12, and lengths 4 and 8 have been classified, and the largest minimum weights up to lengths 16 and 12 have been determined, respectively, [5] , [7] and [4] .
In Section 2, we recall known results which are used in this paper. In Sections 3, 4, 5, 6, 7 and 8, we study self-dual codes over GF(p) for p = 11, 13, 17, 19, 23 and 29, respectively. The classification of self-dual codes over these fields for small lengths is given. We construct optimal self-dual codes over these fields in order to determine the largest minimum weights. Several of these are maximum distance separable (MDS) codes.
Preliminaries
In this section, we recall known results which are used in this paper.
Mass Formulas
Mass formulas are useful when attempting to complete the classification of self-dual codes. The total number of distinct self-dual codes over GF(p) of length n is given by
where p is an odd prime [6, Chapter 19 ]. Then we have the following
where C is the set of all inequivalent self-dual codes of length n, and |Aut(C)| denotes the order of the automorphism group of C.
Construction Methods
In this paper, we employ the following two techniques to construct optimal self-dual codes.
• A pure double circulant code has a generator matrix of the form
where I n is the identity matrix of order n and R is an n by n circulant matrix. A [2n, n] code over GF(p) with a generator matrix of the form
where R is an (n − 1) by (n − 1) circulant matrix, and α, β and γ ∈ GF(p), is called a bordered double circulant code. These two families of codes are collectively called double circulant codes (cf. [6] ).
It was shown in [9] that there are no bordered double circulant self-dual codes over GF(p) if and only if −1 is not a quadratic residue in GF(p).
• The other technique used in this paper is based on orthogonal designs [3] . First we define the following matrix. A matrix M over GF(p) satisfying M M T = −c 2 I n for a non-zero element c is an orthogonal design over GF(p) [3] .
Let R = (r ij ) be a back diagonal (0, 1)-matrix of order n satisfying r i,n−i+1 = 1, r ij = 0 if j = n − i + 1. Consider two circulant matrices A, B of order n satisfying AA T + BB T = aI. If a + 1 = 0, then the code generated by
is a self-dual code. Now let A, B, C, D be four circulant matrices of order n satisfying AA T + BB T + CC T + DD T = aI, and R = (r ij ) the back diagonal matrix of order n as described above. If a + 1 = 0, then the code generated by
is a self-dual code. The right halves of the above two generator matrices are orthogonal designs over GF(p).
In this paper, the above two methods are called Methods I and II, respectively. We denote the first rows of the matrices A, B (resp. A, B, C and D) in the above matrices by r A and r B (resp. r A , r B , r C and r D ) throughout this paper. In addition, when a code has been obtained using Method I (resp. II), we list only the first rows r A and r B (resp. r A , r B , r C and r D ), instead of the generator matrix.
3 Self-Dual Codes over GF (11) In this section, we study self-dual codes over GF(11).
Classification of Lengths 4 and 8
Here we give a classification of self-dual codes of lengths 4 and 8.
The following matrix 1 0 1 3 0 1 3 10 , generates a self-dual code C 11,4 of length 4. C 11,4 has weight enumerator
and the automorphism group of this code has order 2 4 . From the mass formula we have
which results in the following:
There is a unique self-dual code over GF(11) of length 4, up to equivalence.
We say that a matrix A is bisorted if the rows and columns of A are sorted in a fixed lexicographic order. It is known that the class of codes generated by matrices ( I , A ), with A a bisorted matrix, contain representatives of all inequivalent codes [2] . For length 8, we have found 15166 bisorted matrices generating self-dual codes. Among these, only 8 distinct self-dual codes C 11,8,1 , . . . , C 11,8,8 must be checked to achieve a complete classification. For these codes, Table 1 From the above table, the eight codes are inequivalent. As a check, the mass formula (2) gives
Theorem 3.2 There are eight inequivalent self-dual codes over GF(11) of length 8. We list the generator matrices ( I 4 , G 11,8,i ) of the codes C 11, 8,i . In order to save space, G 11,8,i is given using the form g 1 , g 2 , g 3 , g 4 where g j is the jth row: By (1), the number of distinct self-dual codes of length 12 is given by N 11 (12) = 2
we have the following:
Proposition 3.3 There are at least 4688 inequivalent self-dual codes over GF(11) of length 12.
The Largest Minimum Weights
In this subsection, the largest minimum weights of self-dual codes over GF(11) are considered. It is known that there are no MDS self-dual codes of lengths 16, 20 and 24 [6, p. 328] . Since the weight enumerator of an MDS code is uniquely determined [6] , we only list weight enumerators for optimal codes which are not MDS.
• n = 12: By Method I, we have found a self-dual MDS [12, 6, 7] code C 11,12 with generator matrix (5) based on the following first rows r A = (3, 3, 4) and r B = (4, 5, 10).
• n = 16: By Method II, a self-dual [16, 8, 8] code C 11,16 was obtained. The generator matrix (6) is based on the following first rows r A = (6, 7), r B = (6, 7), r C = (6, 4) and r D = (6, 4). Since there is no MDS code, the largest minimum weight d 11 (16) is 8.
• Since there is no MDS code, the largest minimum weight d 11 (20) is 10.
• n = 24: A self-dual [24, 12, 9] code C 11,24 has been constructed in [3] . This code was used to construct an extremal Type II Z 22 -code.
Therefore we have the following:
The largest minimum weights of self-dual codes over GF(11) are determined for lengths up to 20. Table 2 lists the largest minimum weights d 11 (n) of self-dual codes of length n ≤ 24. 4 Self-Dual Codes over GF(13)
In this section, self-dual codes over GF(13) are investigated.
Classification of Lengths up to 8
Here we give a classification of self-dual codes over GF(13) of lengths up to 8. Let C 13,2 be the self-dual code with generator matrix ( 1 5 ). Let C 13,4,1 and C 13,4,2 be the self-dual codes with generator matrices 1 0 5 0 0 1 0 5 and 1 0 10 4 0 1 9 10 , respectively. Table 3 lists the orders |Aut(C)| of the automorphism groups and the weight enumerators W of these codes. From (2), the codes in Table 3 complete the classification of self-dual codes of lengths 2 and 4.
Proposition 4.1 There is a unique self-dual code over GF(13) of length 2, and there are two self-dual codes of length 4, up to equivalence. Self-dual codes of lengths 6 and 8 have also been classified. The mass formula (2) shows that our classification is complete. Proposition 4.2 There are five inequivalent self-dual codes C 13,6,1 , . . . , C 13,6,5 over GF(13) of length 6. There are 21 inequivalent self-dual codes C 13,8,1 , . . . , C 13,8,21 over GF(13) of length 8.
The right halves of the generator matrices G 13,6,i of the above codes C 13,6,i are as follows: The automorphism group orders and the weight enumerators of the codes C 13,6,i are also listed in Table 3 . Table 4 : Self-dual codes over GF(13) of length 8 The automorphism group orders |Aut(C)| and the minimum weights d of the codes C 13,8,i are listed in Table 4 . The generator matrices G 13,8,i of these codes have the following right halves:
By (1), the number of distinct self-dual codes of length 10 is given by N 13 (10) = 2 4 i=1 (13 i + 1). Since N 13 (10)/(10! · 2 10 ) > 80, we have the following: Proposition 4.3 There are at least 81 inequivalent self-dual codes over GF(13) of length 10.
The Largest Minimum Weights
• n = 10: There is an MDS pure double circulant self-dual code C 13,10 with the first row of the generator matrix (3) given by (8, 11, 11, 2, 12 ).
• n = 12: Four self-dual [12, 6, 6] codes C 13,12 , D 13,12 , E 13,12 and F 13,12 have been constructed using Method I. The generator matrices (5) of these codes are given by r A = (10, 10, 11) and r B = (4, 1, 8), r A = (7, 7, 8) and r B = (8, 11, 4), r A = (7, 7, 9) and r B = (7, 11, 12), r A = (7, 7, 12) and r B = (7, 9, 2), respectively. The weight enumerators are respectively.
• n = 14: There is an MDS pure double circulant self-dual [14, 7, 8] code C 13,14 with first row (2, 9, 10, 9, 2, 1, 1).
• n = 16: By Method II, a self-dual [16, 8, 8] code C 13,16 was constructed with generator matrix (6) given by r A = (7, 7), r B = (7, 8) , r C = (7, 8) and r D = (8, 1). respectively. Thus the five codes are inequivalent.
• n = 18: Let C 13,18 be the pure double circulant code with first row (7, 7, 7, 8, 4, 9, 6, 6, 3 • n = 20: There is a pure double circulant self-dual [20, 10, 10] code C 13,20 with first row • n = 22: Let C 13,22 be the pure double circulant code with first row (7, 7, 8, 3 , 0, 10, 1, 9, 7, 11, 10).
This is a self-dual [22, 11, 10] code.
• n = 24: The pure double circulant code C 13,24 with first row (0, 0, 0, 3, 1, 2, 1, 6, 1, 2, 10, 5), is a self-dual [24, 12, 10] code. This code has a greater minimum weight than the one given in [1] .
Proposition 4.4 The largest minimum weights of self-dual codes over GF(13) are determined for lengths up to 10 and length 14. Table 5 lists the largest minimum weights d 13 (n) of self-dual codes of length n ≤ 24. 
Self-Dual Codes over GF(17)
In this section, self-dual codes over GF(17) are investigated.
Classification of Lengths up to 8
Here we give a classification of self-dual codes over GF(17) of lengths up to 8. Let C 17,2 be the self-dual code with generator matrix ( 1 4 ). Let C 17,4,1 and C 17,4,2 be the self-dual codes with generator matrices 1 0 4 0 0 1 0 4 and 1 0 1 7 0 1 7 16 , respectively. Table 6 lists the orders |Aut(C)| of the automorphism groups and the weight enumerators W of these codes. From (2), the codes in Table 6 complete the classification of self-dual codes of lengths 2 and 4. Similarly, the classification of length 6 has been done. The inequivalent codes are listed in Table 6 . The mass formula (2) shows that the classification is complete.
Proposition 5.1 There is a unique self-dual code over GF(17) of length 2, there are two self-dual codes of length 4 and there are six self-dual codes of length 6, up to equivalence. The rows of the right halves of the generator matrices of C 17,6,i are: Next we give a classification of self-dual codes over GF(17) of length 8. The inequivalent codes are listed in Table 7 . The mass formula (2) shows that the classification is complete. • n = 12: By Method I, a self-dual [12, 6, 6] code C 17,12 was obtained. The generator matrix (5) is given by r A = (9, 9, 11) and r B = (9, 12, 1).
The weight enumerator is
12 .
• n = 14: Let C 17,14 , D 17,14 and E 17,14 be the pure double circulant codes with the following first rows (9, 9, 15, 14, 6, 12, 16), (9, 10, 5, 7, 7, 14, 3) and (9, 11, 11, 13, 11, 13, 13), respectively.
• n = 16: A self-dual [16, 8, 8] code C 17,16 was constructed using Method I. The generator matrix (5) has the following first rows r A = (9, 9, 9, 14) and r B = (9, 11, 5, 8) .
The code has the following weight enumerator: • n = 18: There is an MDS pure double circulant self-dual [18, 9, 10] code C 17,18 with first row (13, 12, 8, 12, 13, 1, 6, 6, 1).
• n = 20: There is a pure double circulant self-dual [20, 10, 10] code C 17,20 with first row (2, 16, 8, 10, 1, 7, 8, 1, 2, 0 ).
• n = 22: We have found a pure double circulant [22, 11, 10] code C 17,22 with first row (9, 9, 9, 9, 15, 1, 4, 16, 5, 10, 2).
• Therefore we have the following:
The largest minimum weights of self-dual codes over GF(17) are determined for lengths up to 10 and length 18. Table 8 lists the largest minimum weights d 17 (n) of self-dual codes of length n ≤ 24. 6 Self-Dual Codes over GF (19) In this section, self-dual codes over GF(19) are investigated.
Classification of Length 4
Here we give a classification of self-dual codes over GF(19) of length 4. Let C 19,4,1 and C 19,4,2 be the self-dual codes with generator matrices 1 0 1 6 0 1 6 18 and 1 0 8 7 0 1 12 8 , respectively. Table 9 lists the orders |Aut(C)| of the automorphism groups and the weight enumerators W of the codes. From (2), the codes in Table 9 complete the classification of self-dual codes of length 4.
Proposition 6.1 There are two inequivalent self-dual codes over GF(19) of length 4. 6.2 The Largest Minimum Weights is self-dual and MDS.
• n = 12: By Method I, an MDS self-dual [12, 6, 7] code C 19,12 was constructed with the first rows of the generator matrix (5) given by r A = (10, 12, 4) and r B = (15, 17, 17).
• n = 16: By Method I, a self-dual [16, 8, 8] • n = 20: By Method I, an MDS self-dual [20, 10, 11] code C 19,20 was constructed with first rows r A = (2, 2, 6, 4, 6) and r B = (6, 7, 4, 10, 5).
• n = 24: A self-dual [24, 12, 9] code was found in [1] .
Therefore we have the following: Proposition 6.3 The largest minimum weights of self-dual codes over GF(19) are determined for lengths up to 12 and length 20. Table 10 lists the largest minimum weights d 19 (n) of self-dual codes of length n ≤ 24. 7 Self-Dual Codes over GF(23)
In this section, we study self-dual codes over GF(23).
Here it is shown that there is a unique self-dual code over GF(23) of length 4, up to equivalence. Let C 23,4 be the code with generator matrix
This is a self-dual code with an automorphism group of order 8 and weight enumerator x 4 + 88xy 3 + 440y 4 . By (1), there is no other self-dual code of this length. 
The Largest Minimum Weights
• n = 8: By Method I, an MDS self-dual code C 23,8 was constructed where r A = (1, 1) and r B = (2, 4).
• n = 12: By Method I, an MDS self-dual code C 23,12 of length 12 was constructed with r A = (1, 1, 19 ) and r B = (6, 12, 13).
• Therefore we have the following: Proposition 7.3 The largest minimum weights of self-dual codes over GF(23) are determined for lengths up to 16. Table 11 lists the largest minimum weights d 23 (n) of self-dual codes of length n ≤ 20. 8 Self-Dual Codes over GF(29)
In this section, we investigate self-dual codes over GF(29). • n = 14: There is an MDS pure double circulant self-dual code C 29,14 with first row (1, 3, 23, 19, 25, 27, 6 ).
• n = 16: By Method II, a self-dual [16, 8, 8] code C 29,16 was constructed with r A = (1, 1), r B = (1, 2), r C = (1, 16) and r D = (7, 18).
• n = 18: There is an MDS pure double circulant self-dual [18, 9, 10] code C 29,18 with first row (1, 7, 19, 15, 26, 16, 14, 18, 17 ).
The largest minimum weights of self-dual codes over GF(29) are determined for lengths up to 14 and length 18. Table 13 lists the largest minimum weights d 29 (n) of self-dual codes of length n ≤ 20. 
